With discretized particle velocity space, a unified gas-kinetic scheme for entire Knudsen number flows has been constructed based on the Bhatnagar-Gross-Krook (BGK) model (2010. J. Comput. Phys., 229, 7747-7764). In comparison with many existing kinetic schemes for the Boltzmann equation, besides accurate capturing of non-equilibrium flows, the unified method has no difficulty to get accurate solution in the continuum flow regime as well, such as the solution of the Navier-Stokes equations. More importantly, in the continuum flow regime, the time step used by the unified scheme is determined by the Courant-Friedrichs-Lewy condition, which can be many orders larger than the particle collision time. In some sense, the unified method overcomes the time step barrier for many kinetic methods, such as direct simulation Monte Carlo (DSMC), direct Boltzmann solver and many other kinetic solvers. The unified scheme is a multiscale method, where the macroscopic flow variables and microscopic gas distribution function are updated simultaneously. In an early approach in the unified BGK (U-BGK) scheme, the heat flux in the BGK model is modified through the update of macroscopic flow variables, then this modification feeds back into the update of non-equilibrium gas distribution function. In this paper, we are going to develop a unified scheme for the Shakhov model, the so-called unified Shakhov (U-Shk), where the heat flux is corrected directly through the modification of gas distribution function. Theoretically, it will be shown that current U-Shk is more consistent than the U-BGK for the highly non-equilibrium flow computations. The study of shock structures from low to high Mach numbers will be presented and the simulation results will be compared with DSMC solutions as well as possible experimental measurements. The result improvement of U-Shk over U-BGK is clearly achieved. Based on the simulation results, now we fully believe that the unified scheme is an accurate and efficient flow solver in all Knudsen number flow regime.
Introduction
The classification of the various flow regimes based on the dimensionless parameter, the Knudsen number, is a measure of the degree of rarefaction of the medium. The Knudsen number K n is defined as the ratio of the mean free path to a characteristic length scale of the system. In the continuum flow regime where K n < 0.001, the Navier-Stokes (NS) equations with linear relations between stress and strain and the Fourier's law for heat conduction are adequate to model the fluid behaviour. For flows in 700 K. XU AND J.-C. HUANG with particle collisions and the other is the kinetic scale for the particle-free transport. The weight between these two scales depends on the cell resolution and time step. Therefore, the integral solution gives an accurate representation for both continuum and free molecule flows. The weakness of many existing kinetic methods is that an operator-splitting technique is used numerically to treat the transport and collision. This decoupled numerical treatment has implicitly enforced the applicable regime of these methods in the mean particle collision time and mean free path scales, which are unrealistic for the capturing of the NS solution in the continuum flow regime. Theoretically, the Boltzmann equation is a statistical model with a continuous particle transport and collision process in space and time. There is no reason to believe that these particles which transport across the cell interface will not suffer particle collision during their movement towards the cell interface, especially when the cell size is much larger than the particle mean free path. Due to its multiscale nature of the unified scheme, the update of macroscopic flow variables makes it possible to correct the Prandtl number through the modification of heat flux. In the continuum flow regime at high Reynolds number, a standard Courant-Friedrichs-Lewy condition for the macroscopic NS equations can be used as the time step in the unified scheme, which is much larger than the particle collision time.
The unified BGK (U-BGK) scheme (Xu & Huang, 2010) fixes the heat flux, such as the unit Prandtl number in the BGK equation, through the modification of heat flux in the update of macroscopic flow variables, which subsequently affects the update of gas distribution function. Even though this kind of fix works very well in the continuum flow regime, there is still loophole in the update of microscopic gas distribution function. In this paper, we are going to improve the previous U-BGK scheme and develop a revised unified scheme based on the Shakhov model. This paper will focus on the study of shock structures using the unified gas-kinetic scheme. The shock strength has a wide range in Mach numbers from the continuum M ∼ 1 to hypersonic one M ∼ 10. The simulation results will be compared with the DSMC results and possible experimental measurements. This study will clearly demonstrate the validity of the unified method, which becomes a valuable alternative besides the DSMC. This paper is arranged in the following. Section 2 reviews the unified scheme for the BGK model. Section 3 extends the method to solve the Shakhov model. Section 4 is about the numerical shock structure tests. The last section is the conclusion.
Unified gas-kinetic scheme
In this section, we will review the unified scheme for all Knudsen number flows. The 1D kinetic equation will be used to illustrate the idea. The 1D gas-kinetic BGK equation can be written as (Chapman & Cowling, 1990; Bhatnagar et al., 1954) 
where f is the gas distribution function and g is the equilibrium state approached by f . Both f and g are functions of space x, time t, particle velocities u and internal variable ξ . The particle collision time τ is related to the viscosity and heat conduction coefficients, i.e. τ = μ/ p, where μ is the dynamic viscosity coefficient and p is the pressure. The equilibrium state is a Maxwellian distribution,
where ρ is the density, U is the macroscopic velocity in the x direction, λ is equal to m/2kT , m is the molecular mass, k is the Boltzmann constant and T is the temperature. For 1D flow, the total number of degrees of freedom K in ξ is equal to (3 − γ )/(γ − 1). In this paper, only monatomic gas with γ = 5/3 will be studied and K is equal to 2 to account for the particle motion in the y and z directions. In the equilibrium state, the internal variable ξ 2 is equal to
The relation between mass ρ, momentum ρU and energy E densities with the distribution function f is
where ψ α is the component of the vector of moments
and dΞ = du dξ 1 dξ 2 • • • dξ K is the volume element in the phase space with dξ
For the 1D flow, we can integrate the kinetic equation (1) in dξ first before discretization. Therefore, ξ will not appear in the following presentation. More specifically, two equations, which are obtained by integrating (1) with dξ and ξ 2 dξ , will be solved for the 1D reduced distribution functionsĝ andĥ. This technique is the same as the methods presented in Chu (1965) and Yang & Huang (1995) . Since the equations forĝ andĥ have the similar form as the BGK equation, in the following we present the unified method for solving the equation of f which is absent from the internal variable ξ . The physical space is divided into numerical cells with cell size Δx, and the jth cell is given by x ∈ [x j−1/2 , x j+1/2 ] with cell size Δx = x j+1/2 − x j−1/2 . The temporal discretization is denoted by t n for the nth time step. The particle velocity space is discretized by 2N + 1 subcells with cell size Δu, and the centre of kth velocity interval is u k = kΔu, and it represents the average velocity u in that interval,
Then, the averaged gas distribution function in cell j, at time step t n and around particle velocity u k is defined by
where Δx is the cell size and Δu is the particle velocity interval. The BGK equation (1) can be written as
Integrating the above equation in a control volume
wheref j+1/2 is the gas distribution function at the cell interface x j+1/2 . The above equation is exact and there is no numerical error introduced yet. For a kinetic scheme, two terms on the right-hand side of the above equation have to be numerically evaluated.
With the discretization of space x j , time t n and particle velocity u k , the finite-volume scheme based on the integral solution of (5) is
where f n j,k is the averaged distribution function in the jth cell x ∈ [x j−1/2 , x j+1/2 ] at the particle velocity u k . Instead of using upwind scheme for the evaluation of the distribution function at a cell interface, the solutionf j+1/2,k in the above equation is constructed from an integral solution of the BGK model (1),f
where x = x j+1/2 − u k (t − t ) is the particle trajectory and f n 0,k is the initial gas distribution function of f at time t = t n around the cell interface x j+1/2 at the particle velocity u k , i.e. f n 0,k = f n 0 (x, t n , u k ). The gas distribution functionf (x j+1/2 , t, u k ) at the discretized particle velocity u k can be expressed aŝ
whereg j+1/2,k is all terms related to the integration of the equilibrium state g andf j+1/2,k is the terms from the initial condition f 0 (Xu, 2001) . The use of the above integral equation is important in designing a unified scheme for all flow regimes, whereg term is related to the drifting of a Maxwellian distribution on the hydrodynamic scale andf represents the kinetic scale for the particle-free transport. The detailed formulation can be found in Xu & Huang (2010) . In order to discretize the collision term in (6) efficiently and accurately, a multiscale unified formulation is the following. Let us first take moment ψ ψ ψ on (6). Due to the vanishing of the particle collision term for the conservative variables, we have
whereg j+1/2 has the same expression asg j+1/2,k but is integrated in a continuous particle velocity space u k = u. The integration of the equilibrium partg can be evaluated analytically (Xu & Huang, 2010) and the integration of the non-equilibrium partf can be done using quadrature. Due to the BGK model, in the above update of conservative variables, the heat transfer q j+1/2 in the energy flux F E across a cell interface has a corresponding unit Prandtl number. In order to fix the heat flux, we can modify the heat flux by replacing the original energy flux F E in (9) with a new one,
where q j+1/2 is the original heat flux in (9). In general, based on the above updated conservative variables, we can immediately obtain the equilibrium gas distribution function g n+1 j,k inside each cell; therefore, based on (6), the unified kinetic scheme for the update of gas distribution function becomes
where the trapezoidal rule has been used for the time integration of collision term. So, from the above equation, the unified multiscale scheme for the update of gas distribution function is
The particle collision times τ n j and τ n+1 j are defined based on the temperature and pressure in the cell,
j , which are known due to the updated macroscopic flow variables in (9).
In the above U-BGK scheme, the fix of Prandtl number is through the correction of heat flux in the update of macroscopic variables in (9), then effects the construction of the equilibrium state g n+1 in the collision term in (11), and the update of gas distribution function f n+1 . The above approach is only partially correct because the fluxes u kg and u kf in (11) still have intrinsic unit Prandtl number. Theoretically, these fluxes should also be modified to have a correct Prandtl number. This is the main reason that we develop a new unified scheme based on the Shakhov model.
Unified scheme for Shakhov model
In the previous section, we present the unified scheme for the BGK model. The unit Prandtl number is corrected through the heat flux modification for the update of macroscopic flow variables. Then, this modification affects the update of non-equilibrium distribution function. In order to fix the Prandtl number, many generalized BGK-type kinetic models have been developed. Two of the well-known ones are Ellipsoidal and Shakhov models. The Shakhov model can be written as (Shakhov, 1968) 
where
with random velocity c = u − U and the heat flux q. In the above model, the Prandtl number is automatically fixed by choosing the value Pr.
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A unified scheme can be developed for the above model as well. The update of the distribution function is the same as the previous scheme,
However, the solutionf j+1/2,k in the above equation is constructed from the integral solution of the Shakhov model using the method of characteristics,
whereg + j+1/2,k is all terms related to the integration of the 'equilibrium' state f + andf j+1/2,k is the term from the initial condition f 0 . For the Shakhov model, the termg + j+1/2,k is related to the BGK solutiong j+1/2,k in (8), which can be approximated as
where q is the heat flux. Then, we can take moment ψ ψ ψ on (13). Due to the vanishing of the particle collision term for the conservative variables, we have
Different from the previous unified scheme for the BGK model, we do not need to modify the heat flux in the above equation and the Prandtl number will be correct due to the Shakhov model itself. For the macroscopic variables update W n+1 , the above formulation based on the Shakhov model will be the same as the modification of heat flux (10) of the previous approach. Then, based on the above updated conservative variables, we can immediately obtain the equilibrium gas distribution function g n+1 j,k , which is the same as U-BGK scheme. With the reconstruction of the slopes of the conservative variables W n+1 at the next time level, we can uniquely determine the state f +(n+1) . Therefore, based on (13), a unified kinetic scheme for the shakhov model becomes
where again the trapezoidal rule has been used for the time integration of collision term. So, from the above equation, the unified multiscale scheme for the update of gas distribution function can be constructed. There will be no iteration in the determination of the non-equilibrium distribution function f n+1 . The differences between the U-BGK and the above unified Shakhov (U-Shk) scheme is thatg is replaced byg + and g n+1 is replaced by f +(n+1) . As a result, the heat flux in the update of the gas distribution function is corrected in both the transport term across a cell interface and the collision term inside each cell. To take conservative moments on (18), the collision terms will disappear. For the update of conservative variables, the unified scheme will become identical to the BGK-NS method (Xu, 2001) in the continuum flow regime (τ Δt). The BGK-NS has the order of accuracy O(τ (Δt) 2 ) (Ohwada, 2002) to approximate the NS solutions, which means that the unified scheme is an AP method.
Shock structure computation
One of the simplest and most fundamental non-equilibrium gas dynamic phenomena that can be used for the model validation is the internal structure of a normal shock wave. There are mainly two reasons for this. First, the shock wave represents a flow condition that is far from thermodynamic equilibrium. Second, shock wave phenomena is unique in that it allows one to separate the differential equations of fluid motion from the boundary conditions that would be required to complete a well-posed problem. The boundary conditions for a shock wave are simply determined by the Rankine-Hugoniot relations. Thus, in the study of shock structure, one is able to isolate effects due to the differential equations themselves. Since 1950s, the computation of shock structure had played an important and critical role in validating many theories and numerical schemes in the study of non-equilibrium flow. In order to validate the unified schemes, such as U-BGK and U-Shk, we apply them to the shock structure calculations from low Mach number cases, where the NS equations are valid, to the high Mach number cases, where the highly non-equilibrium effect appears. Besides the density and temperature distributions inside the shock layer, the stress and heat flux will also be presented in some cases. The solutions based on the unified scheme are compared with the Boltzmann solution (Ohwada, 1993) , DSMC results (Bird, 1970) and possible experimental measurements (Alsmeyer, 1976; Steinhilper, 1972) .
First, we present test cases on the shock structure for a monatomic gas with the non-equilibrium limited to the translational energy mode. Comparisons of our results are made with the solution of the full Boltzmann equation which were obtained by Ohwada (1993) for the hard sphere molecules at Mach numbers 1.2, 2 and 3. For the hard sphere molecules, the viscosity coefficient τ ∼ μ ∼ T 0.5 , where the x-coordinate is normalized by √ πl 0 /2 and l 0 is the mean free path of the gas molecules at the upstream condition. Figures 1-3 show the density, temperature, stress and heat flux inside a shock layer by both schemes. Comparisons of the unified schemes are made with the solutions of the Boltzmann equation. For all the Mach numbers presented, the results from the direct Boltzmann solver and the current unified schemes have good agreement. At Mach number 1.2, the local Knudsen number, which is defined as the local mean free path over the density variation scale l/(ρ/ ρ), is less than 0.02. As expected, both the Boltzmann and the unified solutions are very close to the standard NS solution. Also, at low Mach numbers, the U-BGK and U-Shk present almost identical results.
For the Mach 8 argon shock structure, Bird's (1970) DSMC solution with μ ∼ T 0.68 gave a good agreement with the experimental data. Here, we only compare the results from the unified scheme and the DSMC method. Figure 4 shows the solution of temperature, density, heat flux and stresses from the unified schemes and that from DSMC solutions. For this Mach 8 case, the shock thickness and the separation distance between the density and temperature profiles by the unified schemes compare well FIG. 4 . M = 8.0, ω = 0.68 argon shock structure calculated by the unified schemes and the DSMC solutions. with those of DSMC solution. The peak values of the stress profile by the DSMC method are lower than the current unified solutions. The shock thickness from U-Shk is slightly wider than that from U-BGK.
Figures 5 and 6 show the argon shock structures for a viscosity coefficient of μ ∼ T 0.72 at Mach numbers 8.0 and 9.0 by both U-BGK and U-Shk, where the experimental measurements are used as benchmark solutions (Alsmeyer, 1976; Steinhilper, 1972) . As shown in this figure, the solutions from the unified schemes match the experimental data very well in the density distributions. Again, at high Mach numbers the U-BGK presents a thinner shock thickness and narrower temperature-density distance than that of U-Shk. Figure 7 presents the helium shock structure calculations at Mach number 25. Instead of the shock structure, we present the gas distribution functions directly at different locations inside the shock layer (Pham- Van-Diep et al., 1989; Erwin et al., 1991) . With the normalized densityρ = (ρ − ρ 1 )/(ρ 2 − ρ 1 ), the locations for the distribution function presentation are atρ = 0.291, 0.332 andρ = 0.610, 0.636. In  Fig. 7 , the direct simulation results from U-Shk are compared with the experimental data in Pham- VanDiep et al. (1989) . It seems that the distribution functions are not too sensitive to the locations inside the shock layer. From Fig. 7 , the validity of the unified scheme for the description of non-equilibrium flow has been proved. Figure 8 presents the reciprocal thickness versus Mach numbers from 1 to 9 for argon gas with ω = 0.72. Both experimental data (Alsmeyer, 1976) and DSMC solutions are also included. From the results, we can clearly observe that near the continuum low Mach number limit, the unified scheme FIG. 7. Gas distribution functions from both U-Shk and experiment measurements inside M = 25.0 helium shock layer (Pham- Van-Diep et al., 1989) presents a better match with the experimental data. This is not surprised because the unified scheme will present an accurate NS solution in the continuum regime.
Conclusions
In this paper, we present unified kinetic schemes for both the BGK and the Shakhov models for shock structure simulation from low to high Mach numbers. The critical step is that the integral solution of the kinetic equation is used in the flux evaluation across the cell interface. This integral solution covers both hydrodynamic and kinetic scales, which subsequently gives an accurate representation in both continuum and free molecule flows when going to different limits of the integral solution. The weakness for the most existing kinetic methods is that a purely upwind technique is used for the flux evaluation, which is equivalent to solving the collisionless Boltzmann equation and this solution is only a partial solution of the integral solution used in the unified scheme. In other words, most current existing kinetic schemes only have the kinetic scale in their underlying numerical model. Even in the continuum flow regimes, these methods try to resolve the physics within the mean free path or mean particle collision time. Therefore, they have limited usage in this regime. Due to its multiscale nature of the unified scheme, in the continuum flow regime, the unified scheme can use a large time step in comparison with particle collision time. At the same time, the accurate NS solutions can be obtained.
The shock structure study in this paper validates the unified scheme as an accurate flow solver for both continuum and rarefied flows. The capturing of highly non-equilibrium gas distribution function inside high Mach number shock layer demonstrates clearly that the unified scheme can be safely applied to engineering rarefied gas dynamics problems. The unified scheme works accurately for flow computations in the entire Knudsen number.
